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ABSTRACT: The lattice cluster theory is extended to describe multicomponent mixtures of polymers with
monomers that have internal structures and therefore extend over several lattice sites. One or more species
of solvent molecules may be present, and the solvent molecules may likewise have internal structures. The
excess (liquidlike) free volume in compressible systems is modeled through the presence of voids, unoccupied
lattice sites that are smaller than the extended monomer structures. The algebraic complexity of treating
the corrections to Flory—-Huggins theory for the athermal limit packing entropy and particularly for the
internal energy is considerably diminished by new developments, presented here. The algebraic representation
of the lattice cluster theory enables proof of an important cancellation theorem for energy diagrams. We
describe the methods for calculating the energy diagrams for multicomponent compressible systems, a special
case of which is the two-component incompressible system for which results have been given previously
without the derivation that is provided here for the more general case. The free energy is obtained from the
lattice cluster theory as the sum of that for the compressible multicomponent FH theory and the noncom-
binatorial entropy and correlated energy corrections. The latter two contributions are obtained as a high-
temperature expansion in powers of the ratios of the three independent van der Waals energies ¢; to the
absolute temperature kg7. The coefficients in the expansion are further expanded in powers of 21, where
z isthe lattice coordination number. Contributions are evaluated through 2 and are obtained as simple power
series in the volume fractions. Coefficients in this expansion are also dependent on monomer structure.
Leading corrections are shown to violate the pairwise additivity assumptions of several standard phenom-
enological models of multicomponent systems. These corrections arise from local packing or interaction-
induced correlations between segments of three or more species. The following paper applies the general
theory to study the small-angle neutron scattering and excess thermodynamic properties of compressible

structured monomer binary blends.

I. Introduction

Perhaps the most widely used theory for the thermo-
dynamic properties of polymer melts, blends, concentrated
solutions, etc. is the Flory-Huggins (FH) theory,! which
has originally been formulated in terms of a lattice model.
FH theory represents a simple mean field approximation
to this standard lattice model in which all correlations are
ignored in estimating both excluded volume effects and
interaction energies. While classic FH theory successfully
explains the fact that long-chain polymers in the liquid
state generally tend to be immiscible, it is inadequate in
several respects. First of all, it fails to describe the mo-
lecular origins of the substantial, temperature-independent
(called entropic) portion of the small-angle neutron
scattering Flory effective interaction energy parameter
xeff, and it does not provide a molecular basis for the
observed??® composition dependence of x.;r and other
thermodynamic properties. Some of these inadequacies
of FH theory may be traced to inherent limitations of the
simple mean field approximation! embodied in FH theory.

In order to understand the origins of these deficiencies
and to eliminate those that are not inherent in the lattice
model, Freed and co-workers*® have developed pertur-
bative methods for systematically calculating corrections
tothe FH mean field approximation. The theory emerges
in the form of a cluster expansion that bears a strong
resemblance to Mayer’s cluster expansion® for nonideal
gases. Corrections to FH theory arise from packing- and
interaction-induced local correlations between polymers,
solvent molecules, etc. The noncombinatorial portion of
the Helmholtz free energy for the lattice polymer system
is generated analytically by the lattice cluster theory
(LCT) as a single function of compositions, molecular
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weights, nearest-neighbor attractive van der Waals in-
teractions, and temperature. The theory also includes a
dependence on the individual monomer architectures,
which are permitted to extend over several lattice sites
and therefore more closely resemble actual monomer mo-
lecular structures.

Our recent comparison!? of the LCT with Monte Carlo
simulations of the lattice model for athermal limit packing
entropies, internal energies of mixing, and coexistence
curves for solutions of linear polymers in a single-bead
solvent shows that the LCT provides the most accurate
available thermodynamic description of these systems.
Additional LCT computations!® demonstrate that the
internal energies of mixing and coexistence curves strongly
depend on monomer and solvent molecular structures,
reflecting alterations of nearest neighbor contact proba-
bilities due to the local bonding. The general LCT
formulas in our recent paper!? apply also to incompressible
binary polymer blends, but the current lack of computer
simulations for these systems does not yet permit us to
make a similar test of the LCT for incompressible blends,
especially ones with structured monomers. The excellent
accuracy of the LCT calculations for the polymer-solvent
system, however, motivates the extension and use of this
theory to describe polymer blends.

One limitation of the prior LCT calculations!®for blends
lies in the assumption of incompressibility. Polymer
blends are liquids and therefore must be roughly as
compressible as the corresponding monomeric fluids.!* The
importance of including compressibility has long been
understood by those studying the thermodynamics of
polymer systems. For example, compressibility implies
that the nonathermal limit excess thermodynamic quan-
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titiesno longer depend on a single parameter ¢, but depend
separately!? on all three individual interaction energies
¢, for a binary blend. This additional dependence arises
because the creation of free volume in an incompressible
blend destroys polymer-polymer contacts and thereby
leads to a decreased energy.

The above deficiency of the recent LCT calculations!®
is removed here by generalizing the LCT theory to
compressible multicomponent polymer mixtures, where
solvent may correspond to one or more components. This
generalization to multicomponent systems enables the
treatment of arbitrary polydispersity distributions, but
more importantly, it permits us to study how monomer
and solvent moleculestructures affect the thermodynamic
properties of multicomponent systems, which become
increasingly more tedious to study experimentally as the
number of components increases. Many thermodynamic
modelsi3postulate that an appropriate interaction portion
of the free energy of multicomponent systems may be
represented as a linear superposition taken from the
properties of the pure substances and binary mixtures.
Our extension of the LCT to a multicomponent system
therefore enables us to test such assumptions and to
provide input information for modeling any nonadditive
contributions if present.

The standard lattice model of a compressible polymer
blend assumes that a lattice site may either be occupied
by a monomer (i.e., a unit segment of a polymer chain) or
remain vacant. Multiple occupancy of any lattice site is
strictly forbidden. Our generalization of the lattice model
allows a single monomer to occupy several neighboring
lattice sites. Vacant sites are called voids and model the
excess free volume!* that must be present in any com-
pressible system. Polymer chains of species p = 1, 2, ...,
k are represented by sequences of {V, - 1} main-chain
bonds joining consecutive segments of species u along with
M, - N, sites occupied by the units representing side
groups. Lattice sites have z nearest neighbors, and all
nearest-neighbor pairs of species u and XA interact with
van der Waals attractive energies ¢,,. The generalized
lattice cluster theory provides the Helmholtz free energy
for a compressible multicomponent system of polymers
with structured monomers in the form of a double
expansion in the inverse lattice coordination number 1/2
and the reduced nearest-neighbor attractive interaction
energies ¢,,/kpT.

The original derivation® of the cluster theory uses field
theoretic methods which are generally unfamiliar to
polymer scientists. Qurrecent paper,!? however, contains
part of a new derivation for an incompressible binary
polymer system that employs quite elementary mathe-
matical methods. An additional advantage of this new
algebraic derivation is that it enables us to make significant
computational simplifications in evaluating thermody-
namic properties of nonathermal mixtures. Here the
algebraic representation of the LCT is further developed
and is used to prove new theorems that further greatly
reduce the computational labor involved in evaluating the
internal energies. The focus of these developments is to
simplify the generalization of the lattice cluster theory so
that it may be applied to a multicomponent compressible
system. These simplifications permit us to describe the
evaluation of the higher order ¢, contributions to the
internal energy that have been presented for incompress-
ible systems in ref 10 without derivation.

The treatment of arbitrary chain architectures requires
specifying monomer structures. Examples of these struc-
tures are given in Figure 1, where short chains are depicted
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Figure 1. Sections of polymer chains with the same number N
= 6 of backbone bonds, but with different monomer structures.
Chains are drawn in two dimensions for simplicity, but all
junctions are completely flexible in three dimensions. The
architecture a represents a linear chain, whereas structures b—e
are branched ones with monomers extending over a few lattice
sites.

for simplicity and where the chains are assumed to be
completely flexible at all junctions. Chains of a given
architecture (i.e., of a given species) are all considered to
have the same bonding topology and not to have closed
loops. Treatingsuchirregular,structured chains (or lightly
cross-linked networks!5) requires only the specification of
certain counting indexes, described below in section IV.
One or more of the components may be small solvent
molecules whose structure is likewise specified through
the same set of counting indexes.

Sections II and III, respectively, extend the algebraic
derivation of the LCT for the athermal limit packing
entropy and for the Helmholtz free energy of multicom-
ponent compressible linear polymer mixtures, while section
IV describes the generalization of the multicomponent
algebraic LCT to models of polymers in which monomers
have internal structures and are thereby allowed to occupy
several lattice sites. The calculations are actually per-
formed directly and quite generally for incompressible or
compressible blends of different polymers with arbitrary
architectures. The specialization in sections IT and IIl to
linear chains is provided solely to simplify the notation as
much as possible in order to exhibit the salient content of
the LCT and the mathematical methods employed.
Analytical expressions are tabulated for the Helmholtz
free energy of structured monomer, multicomponent,
compressible mixtures. These analytical expressions
enable the interested reader to consider applications to
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ternary systems, polydispersity effects, phase diagrams,
etc., fascinating applications that are too numerous for a
few papers.

Typical behaviors for the LCT predictions of the small-
angle neutron scattering definition for the Flory effective
interaction parameter x.s, the heat of mixing AH™iz, and
the volume of mixing A Vmiz are presented in the following
paper, which focuses on the dependences of these prop-
erties on monomer structures, composition, pressure,
interaction energies ¢,,, and molecular weights. The
following paper primarily considers lower molecular
weights, which are often studied for blends, while paper
4 will discuss the asymptotic high molecular weight limit.
A detailed comparison of the LCT predictions with
experimental data®1é for the PS/PVME blends as well as
a further discussion on the influence of molecular structure
and compressibility on xesr, AH™IX, and AVmix i provided
in paper 3, while a consideration of their influence on
equations of state is presently in progress.

I1. Packing Entropy for Multicomponent
Compressible Polymer Systems in the Athermal
Limit

To introduce the requisite notation, letag, =1, ..., z
designate the vectors from a given lattice site to the z
nearest-neighbor lattice sites, and let r; denote the position
of the ith lattice site with respect to the origin of
coordinates. The condition that the lattice sites i and j
are nearest neighbors is just

r‘ = r1+8.5 (2'1)

for one of the possible bond directions 8 = 1, ..., 2. Thus,
this constraint may be imposed by using the Kronecker
8

8(ij+B) = (r,r,+ay) (2.18)

where the left-hand side of (2.1) provides a convenient
shorthand notation.

The notation (2.1) is simply used to introduce the
bonding constraints for the set of {n,} linear polymers of
species p with N, — 1 bonds each. The first bond on the
first chain of species u enters into the counting scheme
with the factor of

> Z BG4 s+ )= D D8 i B

#1081, 811, #1i81 A (2.1b)

where the superscript labels the component number, the
first subscript indicates the sequential monomer num-
bering along the chain (1,, ..., N,), the second one corre-
sponds to the chain number of the given species (1,, ...,
n,), and the bond in question may be in any of the z
different possible orientations. The notation on theright-
hand side of (2.1b) is used below to control the usual
proliferation of the indexes required for describing mul-
ticomponent systems. The next bond in this chain has
the obvious weight factor of Ty 2p 8(i,1,i5,, + B5,) with
the added excluded volume constraint between the non-
bonded first and third monomers i§; = i1y, etc. This
process is continued for all bonds and all chains. A factor
of (n,)! is introduced to account for the indistinguish-
ability of all chains of a given species, and there is a
symmetry number of !/; for each chain. The partition
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function for packing a set of {n,} athermal monodisperse
linear polymers of species u = 1, 2, ..., & with polymeri-
zation indexes N, is thus written exactly as

k

Win VD = T T

= 19
w=ln 12

X

y

Z H H Z é(lam’laﬁl,m )

1 .1 1 =1fa,=1
dimigy=eming ™M Bam!
1 1 .
#ijg™ipg - #iNyg

1 1" 1
# 8,0y ® 32,ny # - F Ny

.k ] &
> t1n = 9 0y o Nk

(2.2)

where the notation of (2.1b) is used in which y;, =
yh o, (¥=i,8,...). Theoutsidesummationin(2.2) contains
the excluded volume constraint that prohibits any two
monomers from occupying the same lattice site. The
excluded volume constraint i, = i, , between suc-
cessively bonded monomers on a single chain is inserted
into (2.2) for notational symmetry as the Kronecker §
function in (2.2) already prohibits bonded monomers from
occupying the same lattice site. Equation 2.2 is an exact
representation of the lattice model of a k-component
compressible polymer mixture on a d-dimensional prim-
itive Bravais lattice in the athermal limit. Solvent
molecules are simply represented either as a single-site
species with N, = 0 or by dimers, trimers, etc., with N, =
1,2, ..., respectively. The treatment of nonprimitive Bra-
vais lattices requires the use of more complicated book-
keeping, which is avoided here.

A. Mean Field Approximation. In order to extract
the approximate Flory mean field contribution! from (2.2)
and to enable the systematic computation of corrections,
we first replace each Kronecker ¢ in (2.2) by its lattice
Fourier transform

5(ij+8) = Ni* Y_ expliq:(r;-r;-a)]  (23)
q

where N; is the total number of lattice sites and the
summation runs over the first Brillouin zone. The Kro-
necker 4 from the a,th bond on the m,th chain of species
u in (2.2) introduces through (2.3) the wave vector
summation index qa m = = g}, , for each bond. The cluster
nature of the theory is made more apparent by first re-
expressing (2.3) as

Za(wm-p 1+- Zf(q) expliq-(r;-r)]{ (2.3a)

2 q#0

where the q = 0 contribution from (2.3) emerges as the
first term in braces on the right-hand side of (2.3a) and
where f(q) is the nearest-neighbor structure factor

z
fl@) = Z exp(-ig-ag) (2.4)
p=1
Substitution of (2.3a) into (2.2) converts the latter into
another exact algebraic representation of the {n,} polymer
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packing partition function

k
Win N =[] —
wel 12 “'11" ’“NMA

1 :
1+- 3 fa:,) expliat (v, - T,

2
q‘;,m 0

)3 ﬁn[g]x

m,=1 q,=1

m)]} (2.5)

The product over the bond index «, and the chain index
m,, in (2.5) is of the form of a cluster expansion and bears
strong similarity to Mayer’s cluster expansion® for nonideal
gases as follows: The lengthy expression 2.5 isrepresented
more compactly by the notation

W(in iN,) =

k Ny

II 1 Z H H‘[ ][1+x } (2.6a)
=l n J2™ Ly ik mn-l a,=1

where the correlation corrections are defined for each

polymer bond and are labeled by u,«,, and m, as

X2 Xt =2 T flah,) explitttrs, - i )]
q“ 0

(2.6b)

The wholly uncorrelated contribution stems from the
factors of unity from all bonds in (2.6a) and yields the
mean field approximation

k
WM (in N = T |

u=l n“!2"

2 HH[N,]

» 1 m,=1 a,=1
IRk ‘N i d "
2.7

Performing the excluded volume summation transforms
(2.7) into

WM ({n,LIN,D =
A
ko N} 2 1D_miNiD
& [E] sul (2.8)
=1 pn 2™
w=ln, I'ZN,‘",‘)! !
u=1

which may be shown to recover the classic Flory—-Huggins
combinatorial packing entropy of mixing! for multicom-
ponent compressible polymer systems in which immediate
self-reversals are not omitted for convenience in the
subsequent computations of correction terms below.

B. Cluster Expansion for Corrections to the Flory-
Huggins Packing Entropy. The remaining terms in
{X}, m Of (2.6a) produce the corrections to the Flory-Hug-
gins approximation. These corrections arise from local
correlations in placing monomers or bonds on the lattice,
correlations that are mathematically represented by the
X, m and the excluded volume constraints. The X%, in
(2.6) depend on the explicit positions of the two segments
forming the a,th bond on the m,th polymer chain of type
., and the complexity of evaluating contributions con-
taining the X} stems from the excluded volume con-
straints on these segment positions. Expanding the
product in (2.6) naturally leads to the cluster expansion
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Figure 2. Athermal limit packing entropy diagram corrections
to the mean field packing entropy (2.8) through order z-2. This
requires that the correlating bonds satisfy B < 4. Only contri-
butions proportional to N; are retained. The entropy diagrams
are represented by vertices (circles) joined by correlating bonds
(solid lines). Bonds lying nonsequentially on a single chain are
connected by wiggly lines. The cumulant diagrams (vpDg]®© of
eq 3.9 are constructed with diagrams a-r as the leading portions.®

H H[1+X“,,,,]-

1+ Y X4+ > Xt X5+ (29)

My (ya,,m)> (W' o ')

where the notation (u,a,,m,) > (W',o’y,m’,/) indicates that
the summationin (2.9) runs over all distinct pairs of bonds
in the system. The linear terms in X}, are called the
one-bond contributions; the quadratic are the two-bond
contributions, etc. When substituted into (2.6), the leading
term of unity in (2.9) generates the Flory approximation
of (2.8), while the remainder of (2.9) produces, respectively,
the correlated one-bond, two-bond, etc., contributions to
the cluster expansion for the packing entropy partition
function

k
Ny - ZH“N W
=]
WV = W N1+ —— x
l-
X, | Zx.
’1 e lN* n Ty
X4 X ] (2.10)
(y0m)> (' ym' )

After some algebraic manipulations, the cluster expan-
sion from (2.6) and (2.10) for athermal limit packing may
be placed in one-to-one correspondence with that derived
from the field theory formalism (when the latter is
appropriately generalized to multicomponent compressible
systems). Inordertointroduce the notation and concepts
necessary for the new extensions in sections III and IV
and in Appendix A, it is convenient now to describe briefly
some additional steps in the derivation of the cluster
expansion that enable the interested reader to use results
from the previous field theory papers without the need to
read or follow the field theory methods. Results of this
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nature involve rules for the construction and evaluation
of cluster diagrams and the definition of various counting
indexes.

C. Diagrammatic Representation. Performing all
summations in (2.10) leads to the much more compact
notation and diagrammatic representation used by Ne-
mirovsky et al.® Each correlating bond (i.e., factor of
X, m is represented by a line connecting the bonded
monomers. All contributing diagrams containing up to
four correlating bonds are presented in Figure 2. Diagrams
a and b of Figure 2 are the two-bond diagrams in which
both bonds lie sequentially on the same chain and on two
different chains, respectively. There is no two-bond
diagram with nonsequential bonds belonging to one chain
presented in Figure 2 because this contribution vanishes
in the thermodynamic limit as does the one-bond corre-
lation term. The value of an individual diagram with B
bonds is written as the product of a monomer structure
independent (but lattice structure dependent) connectivity
factor Dgand a monomer structure dependent (but lattice
structure independent) combinatorial factor yp. Using
this notation converts eq 2.10 into the compact repre-
sentation

Win D = W(n LN DIL + D _vp(in,LIN,) Dl
B (2.11)

where the sum over B designates both the sum over all
diagrams with B bonds and the sum over B. We now
summarize the definitions of yp and Dp in order to
introduce necessary notation and new advances for gen-
eralization to multicomponent systems.

Figure 2 displays all the diagrams with up to B = 4
bonds that contribute to the packing entropy partition
function for polymers of arbitrary architectures. Only
diagrams a—e and g-n are appropriate for linear chains.
A given diagram has B (correlating) bonds connecting N,
correlating monomers, which are called vertices. The
connectivity factor Dg for each diagram with B bonds and
N, vertices is defined as

_ ds
T N(N,-1).(N,-N,+1)

where the expression in the denominator is just the number
of ways of selecting the location of N, distinguishable
vertices from N;lattice sites and where the factor dp arises
and is determined as follows: Label the vertices and q
vectors associated with the bonds of a given diagram
sequentially as i; through i, and q; through q, respec-
tively. Each bond & contributes to dg a factor of

b; = exp[iq,-(riv - rim)]f (q,)/2 (2.13)

that emerges from each X, , as in (2.6a). Summing the
product of b; for all bonds of a diagram over all possible
monomer positions (i.e., positions of vertices) and over
the nonzero portion of the first Brillouin zone {q; = 0}
provides the definition of dg as

Dy (2.12)

dg= Z:fp, (2.14)

QupesQm =0 [y 5. 0, dm]

Equation 2.14 may be simplified by use of the well-
known lattice identity

Z exp(iq-rj) =N, dq0 (2.15)
j

provided eq 2.14 is rewritten in terms of unrestricted
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[Nl“)]’nl(nl—l)(n,-2)13!, three chains of species 1
[N\®1 ny(na=1)(na=1)/31, three chains of species 2

= [N;WPN,@a, (n;~1)ny/21, two chains of species 1 and one of species 2

N O[NP nina(na-1)/21,  one chain of species 1 and two of species 2

summations over latticesites. Asdescribed by Nemirovsky
et al.,® this procedure can be represented in an equivalent
diagrammatic form that corresponds to passing from the
original diagrams dp to a set of contracted diagrams Rp_.
The contraction process involves merging together sets of
two or more vertices of diagrams dg and therefore produces
anew family of contracted diagrams. Contracted diagrams
with vertices joined to others only by single lines have
dangling ends and do not contributeto dg. Consequently,
their contributions can be omitted in the symbolic equation

dp = zf(Bd.)cRB,c (2.16)

[

where ¢ is a sequential counting index for the contributing
contracted diagrams and the coefficient /5 is the product
of a contraction factor of [T.4[(-1)hx-1(k, - 1)!] and the
number of ways of forming a contracted diagram with N/,
vertices by contracting to single vertices ki, kg, ..., kn,
distinguishable vertices of the original uncontracted
diagram (note that Y~4k, = N,). The values of the
contracted diagrams are lattice dependent, and their
evaluation involves only summation over nonzero vectors
{q} in an expression of the symbolic form

B
Rpe= 2 INoQ o™ ][[— e

Q1,470 j=1

Each bond j of the contracted diagram Rp has associated
with it a wave vector q; (or “momentum”) and a factor of
f(@j)/z. A momentum conservation condition Yq = 0
appliesateach vertex of Rg.. The complete list of diagrams
Rp, and dg contributing through order z-2 to the hyper-
cubic lattice athermal limit packing entropy is displayed
in ref 8 along with the values of the diagrams. Both Rp.
and dp are independent of the number of components in
the system, so they remain the same as in ref 8, where
more details of diagram evaluation and their contributions
are provided.

While evaluation of diagrams Rp. and dg proceeds
identically for multicomponent and one-component sys-
tems, the monomer structure dependent combinatorial
factor yp depends on the number of components. vp is
defined as the number of ways of extracting the set of
correlating bonds (displayed in B-bond diagram Djg) from
all polymer chains in the system. For example, diagram
e of Figure 2 contains three bonds, each lying on a different
polymer. Hence, for a one-component system +vp is
obtained as yp = Ni3n(n ~ 1)(n - 2)/3!, where N; is the
number of bonds in a single chain, n is number of chains
in the system, and a factor 3! appears because of the
indistinguishability of the three bonds on different chains
of the same species. When applied to a binary blend, this
counting produces vp with different values for four cases,
shown in Chart I, where N denotes the number of bonds
in a single chain of species u, and n, is the number of
chains of species u. The calculation of the combinatorial
factors ypfor amixture requires the inclusion of all possible
combinations in which each disconnected piece of a given
diagram can belong to either component. The extension
of the definition of vp to other diagrams of Figure 2 or to

f(Qj)
2
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multicomponent systems is rather straightforward. Ref-
erence 8 and Appendix B provide more details concerning
the vp; our concern in this section is with the multicom-
ponent generalization.

D. Packing Entropies. Packing entropies in the
athermal limit are obtained from the Boltzmann definition

S(n, N, = k In W(in }iN,)
= k In WMF(jn,iN,}) +
kln[1+ ) vp(r,L{N,)Ds] (2.18)
B

The product yp Dgp for diagrams of Figure 2 with
disconnected pieces (i.e., with bonds on more than one
chain) may contain contributions that vary as higher
powers than N, and are therefore unphysical. These hy-
perextensive terms are inherent to the lattice cluster
expansion, but cancel exactly when the logarithm in the
right-most term of (2.18) is expanded in a Taylor series
and contributions are collected into cumulants.!” The
latter process leads to a new equation of the form

S(n, N} = k In WMF(in }(N,}) +
kD _[vpUn, 1N D5 (2.19)
B

where [yp Dg]© represents the cumulant cluster diagram
whose leading term involves the diagram with value
vpDp. The cumulant diagrams are described further in
ref 5, and their sum in (2.19) produces directly the non-
combinatorial packing entropy for athermal polymer
systems.

II1. Internal and Helmholtz Free Energies for
Compressible Multicomponent Linear Polymer
Mixtures

Interactions in polymer fluids involve both short-range
repulsions and longer range attractions. The former are
modeled by excluded volume constraints, presented in
section II, while the latter are introduced by requiring
that segments of species p and A interact with van der
Waals attractive energies ¢, that vanish unless i and j are
nearest-nelghbor lattice sxtes The partition function then
contains, in addition to the bonding and excluded volume
constraints of section II, a Boltzmann factor for van der
Waals interactions, which may be written for a multi-
component system in the equivalent forms

exp[Z > D = H JIBNEE: Z 8Gj+8) 0]

u=l Asp €S, u=l ASu iES
i€ JES,
' (3.1)

where f, is the Mayer f function
fo=exple,) -1 (3.2)

associated with interactions between nearest-neighbor
segments of species x and A, and S, designates the set of
lattice sites occupied by polymer segments of species u,
etc. All energies ¢,) are expressed in units of k57T, and the
prime on the sum and the product in (3.1) implies the
constraint that when u = A\, we require j <i. On theright-
hand side of (3.1) we use Kronecker 8 to represent explicitly
the asumed nearest-neighbor character of the attractive
interactions e”A The notation in (2.1a) which writes
(i j+8) = 6(r,,r,+ag) is also applied to (3.1), but here the
vector ag designates the separation between a pair of
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Figure 8. The first-order f-energy diagrams used to calculate
energy corrections to FH mean field approximation through order
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portions thereof), and the straight lines represent the correlating
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interacting (neighboring) monomers. Extensions to non-
nearest-neighbor interactions are possible but are excluded
here for simplicity.

The total configurational partition function Z({n,},{N,})
for the interacting system is obtained by inserting the
right-hand side of (3.1) into the summand on the right-
hand side of (2.2), where the sets {S,} in (3.1) then
correspond to the occupied sites listed in the summation
indexes in (2.2). Thus, S, designates the set of lattice
sitesify # ... # iy and the exact total partition function

is written compactly as
k

zZn N =[]

w=ln, 2"“

Z rI H Z 5(l¢! m'la+1 m+Ba m)

m,=1 a,=1 =1
‘11" "‘Np.nu u=1 =1 fm

exp[Z PIDICARCE)

u=l ASu IES,
JES)

X

The sum over i and j in the exponent of (3.3) consequently
runs over all pairs of lattice sites that are occupied by
polymers. Hence, thesummation indexes in the exponent
portion of (3.3) are connected to the overall ones that also
appear in the Kronecker & of the “entropic factor” arising
from (2.2).
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The Helmholtz free energy F({n,},{N,}) is obtained from
the partition function Z({n,},{N,}) through

F(in 3N ,}) = kT In Z(in }LIN,}) (3.4)

and all other thermodynamic properties may be evaluated
from F({n,},iN,}).

A, Mayer-like Cluster Expansion. The identity 2.3
may be applied to all Kronecker  functions in Z({n,},{N,J),
and the entropic factor is therefore transformed as in (2.5).
Along with this operation, the interaction energy in (3.1)
is expanded in the usual Mayer cluster expansion

k , 2z
TITTIT i+ 3 sti+oral =1+

u=1 \Zu (€S =1
iESh
k

S Y s+ +

uml ASy B=1 ij
z

S BB B g+ e (3:5)

war=1 35w, BE=1 )R )

Individual factors of 6(...)f in (3.5) are represented dia-
grammatically by curved interaction lines, running be-
tween neighboring lattice sites, to distinguish these
interaction lines from the correlating bonds of section II.
The diagrammatic representation of the partition function
Z({n}{N)) therefore contains both correlating bonds and
interactionlines. Whenthe identity (2.3a) is inserted into
individual terms of the expansion 3.5, the interaction lines
yield contributions from both the constant q = 0 term of
(2.3a) and from the q # 0 correlations provided by the
remaining part of (2.3a) containing f(q). This appearance
of @ = 0 contributions represents the main difference
between correlating bonds and interaction lines, apart from
slightly different counting rules, which are considerably
simpler to derive from the expansion 3.5 than from the
prior field theory formulation as discussed below.

Two previous papers’® on incompressible polymer
blends show that when large classes of contributions
containing the q = 0 parts from interaction lines are added
together, the results vanish identically, leaving only the
Flory-Huggins mean field energy as the nonzero residual
from q = 0 contributions. Considering the fact that an
energy diagram with n interaction lines produces n! - 1
contributions from q = 0 interaction lines, which must be
evaluated individually, these g = 0 portions represent the
bulk of the computational labor as n grows. The previous
finding that there is a complete vanishing of the sum of
these contributions points to an underlying relation in the
theory that we were unable to uncover within the original
field theoretic formulation. However, this cancellation is
readily proven by using the present algebraic represen-
tation. The proof is provided in Appendix A along with
some counting rules for treating higher orders in the ¢
cluster expansion, rules that are greatly simplified by use
of the algebraic formulation. Basically, the proof in
Appendix A shows that q = 0 contributions from the Kro-
necker 6 in (3.5) may be ignored in all but the leading
Flory-Huggins term, provided that each q = 0 term is
multiplied by the power series expansion of a simple
explicit analytic function of the .

After use of the theorem from Appendix A, the q = 0
terms from all Kronecker é in (3.5) provide the energy
corrections to FH theory. The evaluation of these g # 0
contributions follows just as for the athermal limit “entropy
diagrams” with some modifications in the counting rules
for the vp and some additional diagrams that have no
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counterpart for the athermal packing entropies.

B. Diagrammatic Representation. Inanalogytothe
packing athermal limit entropy, the Helmholtz free energy
(3.4) also has a diagrammatic representation, which may
be written symbolically as

F(in J{N,}) k&
S S W N + N DD fad it

kgT uml A=l
Infl+ Z'YD,I({'I,J,{N,J)DB,J (3.6)
Bl

where WMF({n,}{N,}) and f,, are given by (2.11) and (3.2),
respectively, and the quantities Dp,; and yp, are gener-
alizations of the Dg and vp of section II to a new class of
diagrams that contain ! f-interaction lines in addition to
B correlating bonds. ¢; is the volume fraction of species
i (i = u, A), defined as ¢; = n;M;/ N;; n; denotes the number
of chains of species i, M; is the number of lattice sites
occupied by a single chain, and N; is the total number of
lattice sites. The leading term from the expansion of the
Mayer f function of the second term of the right-hand side
of (3.8) in powers of ¢, provides the (g = 0) Flory-Hug-
gins approximation to the interaction energy. The higher
terms in the former expansion give one simple set of
corrections to the FH theory, while the last term in (3.6)
yields the remaining corrections to the FH mean field
approximation that arise from the q # 0 entropy and
energy diagrams. The sum over B and ! in (3.6) denotes
both a sum over all different diagrams with B bonds and
| f-interaction lines and a sum over B and !, including B
=0 and [ = 0 contributions (but not B = [ = 0). Diagrams
with two or more f-interaction lines connecting the same
monomers are excluded as their values are more simply
included by a power series expansion of f,\ factors (see
Appendix A and (3.7) below). Diagrams with ! = 0 and
B s 0 are just the athermal limit entropy diagrams of
Figure 2, while diagrams with B = 0 and ! = 0 are the
polymer structure independent energy diagrams having
only f-interaction lines and are called the extended mean
field terms by Bawendi and Freed.®

The f-interaction lines of the energy diagrams may be
disconnected from or connected to any of B correlating
bonds. Disconnected interaction lines correspond to
interactions between two uncorrelated monomers. The
ends of the interaction lines may be also singly or doubly
connected to lines describing correlating segments as
follows: Examples of diagrams with one f-interaction line
and with up to B = 3 bonds are given in Figure 3, where
crosses and circles are used to distinguish interacting from
noninteracting monomers, respectively. Straightlinesand
curved ones designate correlating bonds and interaction
lines, respectively. Only diagrams a-h and j of Figure 3
apply tolinear polymer chains. The leading q =0diagram
a represents the FH term resulting from the interaction
of two uncorrelated monomers. Diagrams b,, by, and bg
of Figure 3 are one-bond diagrams with, respectively, one
disconnected interaction line, a singly connected line, and
doubly connected line. These three main combinations
appear also in the remaining first-order energy diagrams
(of order f,») of Figure 3. Examples of second-order energy
diagrams (of order f,\fu») with up to B = 2 bonds are
provided in Figure 4. The first two diagrams of Figure 4
only contain f-interaction lines, which are connected
sequentially (diagram a;) and are disconnected (diagram
a3). Thus, the monomers in a; and a; are uncorrelated.
Diagrams by—bg, e1—eg, €1—C13, and dy~dys of Figure 4 also
contain, respectively, one correlating bond, two correlating
bonds lying sequentially on one chain, two bonds nonse-
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Figure 4. Same as Figure 3, but for the second-order f*-energy
diagrams through order z-1.

DL

quential on one chain, and two correlating bonds belonging
to two different chains.

The generalized connectivity constant Dp; for a given
diagram with B bonds and ! interaction lines is determined
as the product of the connectivity constant Dp for a cor-
responding entropy diagram with B’ = B+ [ bonds, formed
by converting all interaction lines into correlating bonds,
and a factor involving f,xz/ N, for each of the ! interaction

lines
f.2/N, 7
Dg; = Dyupui _“X"/_; 3.7
+ f“)‘ lvl

where the indexes p and A generally differ for the [
individual interaction lines and the denominator arises
from elimination of the q = 0 terms as described in
Appendix A. Whenanyofthe [ f-interaction lines connects
a bonded pair of monomers in any of the B bonds, the
equivalent entropy diagram Dp with B’ = B + | bonds
does not exist. Examples are provided by diagrams b3, c;,
.. in Figure 3. The evaluation of these additional Dp
diagrams involves the same contraction process as for
diagrams of Figure 2 and proceeds according to the rules
(2.12-2.17) of section II. Each f-interaction line in a
diagram Dp,is treated like a correlating bond contributing
to dp with the extra factor of [f.xz/Ni}/[1 + (fuxz/N)l.

C. Counting Rules. While the calculation rules for
the monomer structure independent factors Dp are almost
identical for entropy and energy diagrams, the counting
schemes for the monomer structure dependent combina-
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torial factors yp, are different. The generalized combi-
natorial factor vp; is defined as the product

‘yD,l =Sp¥p (3-8)

where vp is the number of ways of selecting the set of
correlating bonds and uncorrelated interacting monomers
(displayed in the diagram) from all polymer chains in the
system, and sp is the diagram symmetry number. Inorder
to compute sp for a given diagram, we begin by assigning
species labels to all vertices on correlating bonds and to
the interacting vertices that do not lie on correlating bonds,
but the interaction lines are omitted. Then sp is defined
as the number of distinguishable ways of constructing the
final diagram by connecting the interacting monomers
with interaction lines. In this process all vertices are
considered to be distinguishable, and the specification of
species labels fixes the power of €,\exv,... for the diagram
with the given species labels. Examples are provided below
and in Appendix C. A new feature of the combinatorial
factor yp, lies in the appearance of the symmetry number,
which reflects the relations between the summation over
interacting pairs in the Mayer cluster expansion 3.5 and
that over correlating bond positionsin the excluded volume
constraint of eq 3.3.

The field theory approach to the counting rules of sp
and vp is very complicated to derive for many diagrams
of Figures 3 and 4. The present algebraic derivation
proceeds directly from the Mayer cluster expansion in
which sp and vp emerge very simply. Consider for now
a one-component system in which the interacting mono-
mers are indistinguishable. Diagram a of Figure 3 has
only one f-interaction line, and the number of ways of
selecting the two monomers in this diagramis yp = nM(nM
-1)/2!, where n is the number of polymer chains, M is the
number of lattice sites occupied by one chain, and a factor
92! arises because of the equivalence of the two indistin-
guishable interacting monomers. The symmetry number
is sp = 1 since diagram a does not contain any correlating
bonds. Three different diagrams b, by, and b3 appear in
Figure 3 with one correlating bond and one f-interaction
line. Diagram b; has the f-interaction line disconnected;
hence, the interacting monomer position indexes differ
from those associated with the correlating bond. There-
fore, disconnected diagrams like b; always yield sp = 1
while yp = nN;(nM-2)(nM -3)/2!for b;, where N, denotes
the number of bonds in one chain. The interaction line
of diagram b, is singly connected with one end of the
correlatingbond. Thus, theinteraction line and correlating
bond can be connected at either end on the correlating
bond, and there are two equivalent ways of drawing b
with distinguishable vertices. Hence, we have sp = 2 for
bs. It also follows that yp = nNi(nM - 2) for by. The
symmetry number for diagram b3 is equal to unity since
the two interacting monomers may be made coincident
with the two bonded monomers only in one way. Diagram
b3 also has yp = nN;. The calculation of vp for a binary
system requires consideration of more combinations even
for simple diagrams. Chart II provides examples for the
diagrams a, by, by, and b; of Figure 3, where N;* denotes
the number of bonds in a single chain of species u and n,
is the number of chains of species u. The calculation of
~pfor a polymer mixture involves labeling each unbonded
monomer and each disconnected correlating bond or set
of bonds as belonging to particular components. The
computation of yp, for other diagrams of Figures 3 and
4 and for multicomponent systems is straightforward. The
symmetry number sp is independent of the number of
components for diagrams a, b;, bs, and b3 of Figure 3
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Chart I1

niM;(nyM,-1)/2!, two interacting monomers of species 1

Ya =01 MMy,
nzMz(ﬂzMz—l)IZ! .

¢

1
Nl( ) nlnzMz(’lez—l)/2| )

(1)
Ny mi(miM-2)n:M,,
Y, =

2;
NP nan My (nyMy-1)121,

@
Ny na(npMa=2)n My,

interacting monomers of species 1 and 2
two interacting monomers of species 2

N{ ni(nyM=2)(n M ~3)/2], bond and interacting monomers of species 1

bond of species 1, interacting monomers of species 2

bond of species 1, interacting monomers of species 1 and 2
N ny(nyMy=2)(nyMy=3)/21, bond and interacting monomers of species 2

bond of species 2, interacting monomers of species 1

bond of species 2, interacting monomers of species 1 and 2

Nlm ny(nyM,-2), bond and unbonded interacting monomer of species 1

1
Nl()'lxnzsz
Yo,

(2)
Ny nanM,,

[¢H]
Nl Ry,

Yo, =
s Nl(z)’lz.

because they contain only one correlating bond. However,
when there are correlating bonds on more than one chain,
as in diagrams of classes d, f, g, and j of Figure 3, then sp
becomes dependent on the number of components. More
details on the evaluation of vp and for calculation of sp
are presented in Appendix C.

D. Thermodynamic Properties. The procedure for
expressing the Helmholtz free energy as a direct sum of
diagrammatic contributions involves the expansion of each
Mayer f function f,) of (3.6) in a power series in ¢, and
the subsequent expansion of the last term of (3.6) in a
Taylor series. The resulting contributions with a given
power of ¢, are collected into cumulants. This process
ensures that individual diagram contributions proportional
to higher than the first power of N, cancel and that the
free energy is extensive (i.e., linear in N;) in the thermo-
dynamic limit. We represent the result as

Fin}IN,)
e

k &k
N, -;-ZZeuxm + 3 lvp i JIN,)D 1 (3.9)

u=1l A=l B,

=In WM (inLIN,}) +

where [vp,({n.},{N,Dp ]© are the generalized cumulant
cluster diagrams, which reduce for ! = 0 to the cumulant
cluster diagrams of section III. The sum of the generalized
cumulant cluster diagrams provides all corrections to FH,
while the two first terms on the right-hand side of (3.9)
are the ¢ = 0 FH athermal entropic and energetic
contributions, respectively.

As noted above, the algebraic formulation leads to the
theorem of Appendix A; this theorem considerably reduces
the computational labor from that required by the field
theory formalism. For example, the latter approach yields
contributions in €222, whose sum vanishes identically, while
such terms can be eliminated at the outset with the results

bond of species 1, unbonded interacting monomer of species 2
B Nl(z) na(naMy-2), bond and unbonded interacting monomer of species 2
bond of species 2, unbonded interacting monomer of species 1

correlating bond of species 1
correlating bond of species 2

of Appendix A. Likewise, this theorem also eliminates all
contributions in €323, €22, 423 and 422 that previously would
be cancelled only by consideration of many diagrams.
These simplifications become even more significant in
applications to compressible systems.

IV. Generalization of the Lattice Cluster Theory
to Compressible Multicomponent Mixtures for
Polymers with Arbitrary Architectures and
Structured Monomers

The actual polymer molecular structure is represented
more faithfully by models in which individual monomers
are allowed to occupy several neighboring lattice sites as
dictated by their molecular architectures. This leads us
to a consideration of structured polymer chains, examples
of which are given by the sequential bonding of extended
monomers, such as those depicted in b—e of Figure 1 for
short chains with N, - 1 = 6 backbone bonds in each case.
A wide range of vinyl monomer structures will be con-
sidered in paper 3.

A. Athermal Limit Packing Entropies. The analysis
for athermal limit packing entropies proceeds simply by
introducing Kronecker é for each bond and overall excluded
volume constraints on all occupied lattice sites. Com-
plexities appear due to the bookkeeping required for
indexes associated with the lattice sites occupied by the
side groups. To simplify matters, we illustrate the
generalization using an example in which all chains have
the structure given by type b of Figure 1, as more general
cases follow similarly. This system contains {n,} chains of
species u = 1, 2, ..., k, where a single chain of species u has
N, -1 backbone bonds and N, - 2 side bonds. The exact
packing partition function W({n,},{N,}) has the form of eq
2.2, with the excluded volume constraints extended to cover
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the lattice sites occupied by the side bonds
k

win iND =[]

=l n !2";«

Z H {H Z 6(ta m’la+1 m+6a m)

m,=1 a,=1 u =
'11" #thnk d W=t Bl =1

;1 &
#I,1% - # INe-2,m,

X

HZ B pft Bl ) (41)

Wym1 B m=1

where j%  designates the position of the lattice site
occupled by the side group portion of a monomer of
polymer with architecture b and the indexes o and w label
the backbone and side group bonds, respectively. The
extension of (4.1) to other chain architectures is straight-
forward and only requires the addition (or deletion) of
Kronecker 6 for side group bonds and the specification of
indexes for any additional side group bonds in the excluded
volume constraints on the summation in (4.1).

Using (2.3a) of section II converts (4.1) into

k
win N = [ — x
w=1n, 197
z H‘H[ L+ X, ]
m,=1\a,=1

ll 1 . "Nhynh
1
#1117 - % INe-2n,

(4.2)

[—(1 + X )]
w, =1

with the correlating bond corrections defined for each
backbone bond labeled by u, «,, and m, as

Xt = Xh == Z f(@ ) expliah (s, — T, )]

+1,m
Qn m=0

(4.2a)

while each side group bond labeled by u, ., and m, has
the correction term

1
n= o 2 M) explict (e, ;)
@ m=0 (4.2b)

The mean field FH approximation is again obtained from
the factors of unity from all bonds in (4.2)

k

WM (in N = ] |
u=1

K = »
Xw,m = Xw“,

X
1on,
n“.2 #

 M[E]e

1 m,el §,=1

L“aé #lzNh_ 2,14

z Zz'l(Mu_l)"u
[ — ] (4.3a)
Nl

and does not distinguish between backbone and side group
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Table 1
Values of “Entropy” Diagrams Contributing to the
Athermal Packing Entropy per Site through Order z2 for
k-Component Polymer Mixture?

diagram
of Figure 2 contribution from cumulant diagram
k
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bonds as (4.3a) is equivalent to (2.8) when the former is
written in terms of the number of lattice sites M, = 2(N,
- 1) covered by a chain of species u with architecture of
type b. The index £, in (4.3) runs over all bonds.

Expanding the products in (4.2) recovers a cluster
expansion identical in form with (2.9), derived in section
II for linear polymers
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where the notation (u, a,, m,) > (', &'y, M), (4, w,, M)
> (W, o'y, m'y), and (g, &, m,) > (W, ', m’,) designates
that summations in (4.4a) and (4.4b) run, respectively,
over all distinct pairs of backbone bonds, side group bonds,
and all types of bonds. The notation u,u’,a,,wy,m,,m,
implies that one bond belongs to the backbone and the
other to a side group. Equation 4.4b has a form that is
identical with that of (2.9), and this occurs also for other
monomer structures when (4.4b) is merely written in terms
of summations over all bonds of all types.

Equation 4.2 can be rewritten following (2.10) as the
product of the mean field contribution WMF({n }{N,}) and
successive corrections to WMF(fn }{N,})

k
[N,- D M)
u=1

Wi IN,J) = WY (i, LN 1+ ——
!

> (D Xin+

.1 3 a.kum
LU # N2

X4 Xy, + 1] (4.5)

' m'
(rsm > (08 ')

Performing all summations in (4.5) and introducing the
diagrammatic quantities vp and Dg transform eq 4.5 into
eq 2.11 of section II

W(n, N, = WM LN DIL+ D vp(n, 1IN, Dyl
B (4.6)

Polymer structure is involved only in the combinatorial
factors vp, while the diagram connectivity constants Dp
depend only on the topology of the B bonds on the given
lattice and not on monomer internal structure. Since the
sum in (4.6) denotes a sum over all diagrams with B bonds
and over B, new branched diagrams appear (such as
diagrams f and o in Figure 2) that are absent for linear
polymers. Thus, the only new feature arising from
introducing monomer structures is the appearance of more
diagrams and new counting indexes for the vy p as discussed
below.

Finally, the form in (4.5) describes adequately a mixture
of polymers with different chain architectures when the
2(N, - 1) in the mean field portion is replaced by the
number of lattice sites M, occupied by a chain of species
uand when the excluded volume constraints are extended
toall lattice sites occupied by the backbone and side groups.
Diagrams are constructed and evaluated along the rules
of section II, and contributions from each disconnected
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piece of the diagrams in Figure 2 belonging to either
component u are summed together.

The packing entropy calculations are performed here
to order 22, which involves the retention of all diagrams
having up to B = 4 bonds. This yields an equation iden-
tical with eq 2.19 but with additional diagrams included
inthesum. According to this equation, the athermal limit
packing entropy for a multicomponent structured polymer
mixture is the sum of the mean field FH entropic
contribution sMF and successive entropic corrections
represented by the cumulant cluster diagram contributions
C/¥ = (1/N)[vp(in.,{N.))Dg]© with a convenient sequen-
tial counting index j

S.(n JIND
S oM LN @ 4.7
TP P “n

The mean field specific entropy (per site) sMF follows from
eq 4.3a as

LI
sMF=—¢ In d)v—z

M 2z
——[ In ¢, +ln— -
=M, M

u

1—M“lnz+M“] (4.8)

where ¢, denotes the void volume fraction, M, is defined
above as the number of lattice sites occupied by a single
chain of species u, and z is the lattice coordination number.

The cumulant entropic corrections to sMF are provided
in Table I, where the first column specifies the leading
diagrams from Figure 2 for which the cumulant cluster
diagrams [ypDpg] are constructed. In order to conform
to the notation of Nemirovsky et al.® for structured
monomers, the chains are taken to have N, bonds along
the chain backbone and to cover M, lattice sites per chain.
The structure dependences in Table I enter through the
combinatorial numbers Ng® that specify the architecture
of species u. Values of Np® for polymers with structures
a-c in Figure 1 are presented in Table I of Nemirovsky et
al.,8 while the generalization to other architectures is
provided by the following definitions: N;* is the number
of sequentially bonded sets of i bonds (from main-chain
and/or side groups) in a single polymer chain of species
u that covers M, sites; N; ;/® is the number of nonsequen-
tially bonded sets of i and j sequential bonds; N, * and
N+® are the numbers of ways in which three and four
bonds meet at a lattice site, respectively, and N, ¥ is the
number of four bond sets depicted in diagram o of Figure
2. (The definitions of N;;® in ref 8 do not include the
symmetry number 1/2!, which is, however, properly
included in the calculated entropies of that paper and
which is absorbed here into the definition of the N;;® to
account for the indistinguishability of two identical bonds.)
These structure-specific combinatorial indexes are readily
evaluated for polymers (or solvent molecules) with regular
repeating or rather irregular architectures. A future paper
will give N for a large number of different vinyl
monomer structures.

The athermal limit entropies of mixing AS™* may be
obtained from (4.7) by subtracting ¥ ,¢,s,, where s, =
su{¢, = 1) is the specific entropy (per site) of pure
component u at unit volume fraction ¢, that is obtained
from Nemirovsky et al.® with a minor correction.!®
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B. Helmholtz Free Energy. Introducing interaction
energies into the partition function for a mixture of
polymers with structured monomers proceeds identically
with the scheme described by eqs 8.1-3.9 of section III for
linear polymer systems, provided that the side and
backbone groups interact with the same energies. The
inclusion of different interaction energies for backbone
and side groups requires the definition of new counting
indexes Ng® and more tedious bookkeeping, but it follows
directly. If, for example, there arethree independent sets
of interaction energies ¢}y, €y, and ¢\ (where indexes
and w are related to backbone and 81de groups, respec-
txvely), itisnecessary to evaluate the correlation corrections

X! n» Xl m - in the cluster expansion 4.4 for each ],
separately, and this is quite cumbersome even for diagrams
with one f-interaction line. Therefore, for simplicity, the
computations here are performed for polymer chains with
energetically equivalent side and backbone groups for each
species.

The diagrammatic representation of the Helmholtz free
energy F({n,),{N,}) contains the energy diagrams obtained
by expanding the Mayer f function £, of (3.6) in a power
seriesin ¢,). Diagrams with the lowest order contribution
of the nth power of ¢, are called n-order energy diagrams.
Polymers having structured monomers contribute to the
diagrammatic expansion of the free energy F({n,},{N,}) new
energy diagrams (such as diagrams i1—i4 in Figure 3), which
do not appear for linear polymer systems.

The validity of eq 3.9 for a mixture of polymers with
different molecular architectures requires that the sum-
mation indexes for the B correlating bonds and / interaction
lines run over all components, all numbers of bonds and
interaction lines, and all diagrams (excluding diagrams
with multiple interaction lines connecting a pair of lattice
sites). Since a comparison of the LCT with Monte Carlo
simulations for the linear polymer-monomer solvent
system indicates that higher order energy terms are
numerically insignificant beyond ¢ for the one-phase
region and coexistence curve, the present calculations of
multicomponent energy diagrams are confined to diagrams
with up to ! = 2 f-interaction linesand upto B’ =B + |
= 4, This maintains the correspondence with the ather-
mal limit packing entropy diagrams of section II having
up to B = 4 bonds. Thus, we retain the first-order energy
corrections up to order z-2 for the leading FH interaction
energy and the second-order energy corrections through
order z°1 to the leading extended mean field (EMF) term.
The EMF interaction energy is defined as energetic
contributions arising from interactions of uncorrelated
monomers; the first EMF term corresponds to interactions
between two monomer pairs, is order of 2, and emerges
from diagrams a; and a; of Figure 4. The specific Helm-
holtz free energy (3.9) can be rewritten as

FinJiND _S.UmbiND
NisT Nk,
DCO+D O+ D C (4.9)
Jj=0 J=0 Jj=1

where S.({n,},{N,}) is the athermal limit packing entropy
(4.7), and the cumulant cluster energy diagram contri-
butions C(') C’("), and C(‘ ) are labeled by the sequential
index j qnd are defined by
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Cf' = 3 voalin AN, DG,

€ = N lvpalin, N, DDE® (4.10)

with D(‘ ) denoting the e*-order portlon of DB; (after the
expansmn of the Mayer f functions in (3.7) in a Taylor
series in €).

The contributions C§’ and C in (4.9) are the FH and
second-order EMF interaction energies, respectively, that
are independent of monomer structure and chain con-
nectivity. In the present calculations, which retain B’ <
4, only the first four diagrams of Figure 3 contribute to
F({n,},IN,}) in the second order of ¢. Energy corrections
of order 3 and ¢* are found to be numerically irrelevant,
and therefore, they are omitted here. The first-order

energy corrections C9 (j = 1) to the FH energy (C((,") are
provided in Table If where the first column shows the
leading diagram of the cumulant cluster diagram
lvp1(nb{NDDg1]©. Table II also presents the second-

order corrections C’J(-‘z), which arise simply from the
expansion of the Mayer f functions in (3.6). (Note that
inthe field theory formulation of the LCT their evaluation
requires the computation of additional diagrams.) The
remaining part of the second-order energetic corrections

C!?iscollectedinTableIII, where thefirstcolumnspecifies
the leading diagrams Dp s of the cumulant cluster diagrams
[vp2({niN.Dp2}©. TheexpressionsinTablesI-IIIalso
correct some previous results’ for an incompressible binary
blend. The free energy of mixing may be calculated from

eq 4.9 by subtracting 3 “_1¢“f“ where f,, = fu.(¢, = 1) is the
dimensionless specific Helmholtz free energy (per site) of
pure component u at unit volume fraction ¢,.

V. Discussion

Our recent paper!® presents a comparison of the lattice
cluster theory predictions for a binary incompressible
polymer-solvent system with Monte Carlo simulations for
the same system. The comparison demonstrates that the
cluster expansion provides a good approximation to the
standard lattice model for this system. Additional the-
oretical computations!® indicate a strong dependence of
polymer properties on the structures of monomers and
solvent molecules, which are both permitted to extend
over several lattice sites. These results encourage us to
generalize the LCT to multicomponent compressible
polymer mixtures with arbitrary monomer structures (and
solvent molecules). The multicomponent generalization
is also required to consider polydispersity corrections and
many interesting ternary mixtures. Compressibility, on
the other hand, is known to profoundly affect excess
thermodynamic properties, and its inclusion is a prereq-
uisite to describing equations of state. However, the
combination of many components, arbitrary monomer
structures, and compressibility makes the original field
theoretical lattice cluster computations for correction to
Flory-Huggins theory extremely unwieldy.

The generalization of the LCT to compressible, mul-
ticomponent, and structured monomer—polymer systems
is greatly facilitated by the new algebraic derivation of
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Table 11
Values of the First-Order Energy Diagrams Contributing to the Helmholtz Free Energy per Site through Order z2 beyond
the Leading FH Term for k-Component Polymer Mixture*

diagram of diagram of
Figure 3 contribution from cumulant diagram Figure 3 contribution from cumulant diagram
a C, = 'ZZW’ s, fs el = ZN(1,K)N(2,K)M,¢,"
u-l vp‘l l-l
€@ = Zl e .6, f C ¥ __ZZNu ONENS ¢,‘Ze,,¢ jilZNu,x) x
U=l o= x-l A= = -
by c¥= ;N(l,x)cb‘;;e,,pm,, N@2Ne,d)¢,, - ;N(l KN(2, x)M,¢,§;e,,.¢,‘
c@= ZN(I,K)cb lel 10,0, i Cpl= —-ZZN(l,x)N(z N ¢AZe~,¢
1-1 u- n= x-l A=]1 s=l
b G =23 N LAY e, foo Ca= 500
=] u=l
o _g N I’KN",Z““%“ f 0=~ -c © 4= ;N(Lx)zv(z NM.é ;;W s
by  C= iN(l,x)czs,e,, & Cp¥=- —ZZ[N(I,K)]ZN(I NM.6.bre..
K-l xll A=]
0 = ;Nu,«)m & C=- SZ;;N(I’”’N(I”‘)N(l"‘"”‘“""“‘“
¢ cl= ——Z_;N(z ) &, 8 Cos = =2C,, + - ;;[Ml,«)}’ml MM, 8,0, ; by
A —;N(Z )b ;ew & = :gggm ONIIN(LL)6,8,6, ;;m $,-
CO = gt i o X
@ o 7% ;;;;N(LK)N(I,X)N(l,u)¢.¢,¢,;6.,¢, -
¢y Cl=- _ZN(Z ) lelewcb ¢, iZ[N(l,x)FN(l MM, ¢ mZZlem 2
= p=l o= x'l A=] u=l nm
d CsY = _ZZNG NN 0,856 hy Cpl =~ -ZN(I 2K)¢ ZZ‘M’ &,
x=] Am x-l u'l n=1
d = —;;gN(l,x)Nu,xmmge,m hy  Cu¥= —;N(l 29 ;e b,
dy 0= -ZZN(I ON1N "’AZZ‘M‘” o T G- ';N (L2045
,-1 X-l u=1 n=1
d = ;;;N(l ON(LNG,br6 b = --;Num ;;w 6,
2 = ——;M'o‘ 6.t b Cy= ;Nu,xm ;e s,
& (= °;N(3 0 ;2@ s Cu =G
&  C0=- 'Z NG6 ZZ‘ 46, i Cyl=- —;N(J.,x)fb.é.x
x-l p=l pml
e C=-lc0 i G = Z;Nu ON(LLNG ¢le;€”¢ s,
h Cig” = %gxilN(l,x)N(Z,X)tﬁ,%e,A & Cu” = 3;;N(I'K)N(l’l”‘)d"‘”*;‘“d’“
ho g EZZ;N(I,K)N(Z)\M,%:M i Cls S,ng’“w (LINSOrn

“Ngi,a) = N,:‘")/M,,, a=12 ..,k Nija) =N/ Mo, a=1,2, .., k; ¢a = naMo/Ny, 2 = 1,2, ..., k; TAa10, + ¢, = 1 and all interaction
energies ¢ are in units of kgT.
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Table II1. Values of the Second-Order Energy Di
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s Contributing to the Helmholtz Free Energy per Site through Order =!

beyond the Leading EMF Term for k-Component Polymer Mixture*
diagram of diagram of
Figure 4 contribution from cumulant diagram Figure 4 contribution from cumulant diagram
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o Y S o o e
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the LCT in which the counting rules for energy diagrams
and the theorem on the exact cancellation of the ¢ = 0
energy terms (see Appendix A) follow in a natural manner
from the Mayer cluster form of the partition function 3.3.
The original field theory formulation of the LCT does not
make these features obvious or tractable to derive. The
present paper provides the derivation of these new results,
some of which have already been used in our previous
article on incompressible binary polymer systems.!® The
generalized LCT is therefore developed here as a powerful
tool for studing thermodynamic properties of many
different multicomponent polymer mixtures. This new
formulation of the LCT currently precludes considering
situations with strong, polar interactions as expansions
are made in powers of the ratio of interaction energies to
the thermal energy kpT. Nevertheless, a wide range of
interesting polymer systems falls within the confines of
these constraints, and our goal is in describing some of
their rich and varied behavior.

The lattice cluster theory introduces the spatially short
range bonding-induced correlations that are entirely
ignored in classic Flory-Huggins theory. These correla-
tions between bonds on the same and different polymers
are represented in the terms of Mayer-like diagrams
involving the correlating bonds and their van der Waals
interactions. Correctionstothe mean field athermal limit
entropy are presented in Table I, and they depend on the
number & of components in the system, their molecular

weights,and asetof counting indexes N that characterize
the monomer molecular structures and overall chain
architectures. This athermal noncombinatorial entropy
is produced by the LCT as a series in 271, where the lattice
coordination number z equals the number of nearest
neighbors to a lattice site. Coefficients in this expansion
are simple polynomials in compositions and in the mono-

mer structure dependent counting indexes N}“), thereby
providing an algebraic tractable, albeit lengthy, formu-
lation of the statistical thermodynamics of multicompo-
nent polymer systems. This algebraic simplicity contrasts
with quasiclassical treatments, which contain an increasing
number of algebraically complicated nonlinear constraints
as the number of components grows. Inaddition,the LCT
is found in our previous paper!® to be of greater accuracy
in reproducing Monte Carlo simulations for the polymer-
solvent system.

The energetic corrections to Flory-Huggins theory are
presented in Tables I and I1] as a double series in 27! and
the k (k + 1) /2 nearest-neighbor attractive van der Waals
energies ¢, (in units of kgT). The coefficients again are
simple polynomials in volume fractions and the counting

indexes N, and they reflect the fact that contact
probabilities are both functions of composition and mo-
lecular structure. The latter features are completely
neglected in Flory—-Huggins theory, are only partially
included for linear chains in Guggenheim theories,!2 and
are modeled by phenomenological surface fraction pa-
rameters in equation of state theories. Thus, the LCT
Helmbholtz free energy of mixing AF®i* and all thermo-
dynamic quantities derived from AF™i* have corrections
to FH theory that are polynomials in composition and
that are valid for all energies ¢,,/kpT < 1, temperatures
T, site occupancy indexes M; (proportional to the molec-
ular weights), compositions, numbers of components, and
monomer molecular weights. This analytical tractability
and the enormous generality of the theory strongly offsets
limitations inherent to any lattice model in faithfully
representing polymer properties. Note that F or AF®iz jn
Tables I and II cannot be written in a pairwise additive
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form as is often assumed for multicomponent systems.
Lack of that structure arises because of the existence of
correlations between portions of more than two spatially
nearby chains. These contributions are represented by
diagrams in Figures 2 and 3 with more than two chains.
The nonadditivity of the energy is further illustrated in
the tables of the accompanying paper, which specializes
to binary compressible blends.

The individual polymer volume fractions ¢, satisfy the
relation Zf=1¢“ =1 - ¢,, where ¢, is the volume fraction
for excess free volume. The excess free volume is given
physical interpretation through the relation ¢,V = V -
V*, with V* the analog of the closed-packed volume in
continuum model theories. The existence of free volume
is necessary in order to describe the compressibility of the
system, especially to describe what has been termed
“equation of state effects” in the literaturel® and what
corresponds to the thermodynamic consequences of vol-
ume changes upon mixing that may arise in compressible
systems. An alternative representation involves use of
the equation of state to eliminate ¢, in favor of the pressure
P and the Gibbs free energy G. The latter is the
representation employed in the numerical illustrations
given in the following and subsequent papers.

Theimplications of the LCT are numerous. Inaddition
to enabling the calculations of the small-angle neutron
scattering Flory effective parameter x.g and other ther-
modynamic quantities, the LCT can produce the distri-
bution functions g,,(a) for the any uA nearest-neighbor
segment pairs. The derivative d[F/(NkgT)]/de,» yields
the nearest-neighbor value of g,\(a) = h,i(a) - 1, where a
is the lattice constant for cubic lattices. The presence of
higher powers in ¢,)/kpT in the LCT leads to a temper-
ature dependence of contact probabilities, while g,\(a)

depends on counting indexes N*. Hence, monomer (and
solvent molecule) structures affect contact probabilities.
Including next-nearest-neighbor interactions, etc., into the
Helmholtz free energy F provides the possibility for
calculating the more distant portions of the distribution
functions g,\(r).

A comparison between the generalized compressible
multicomponent polymer mixture LCT and other theories
of the liquid state produces other interesting conclusions.
For example, the most advanced of the van der Waals
fluid theories,?® the three-fluid model, does not describe
higher order correlation terms which the LCT incorporates.
The Gibbs free energy of the van der Waals three-fluid
model mixtures can be written?® as

G=NEgTY x,Inz,+ D > 22,G,5  (51)
a a B

where G, does not depend on the mole fractions x;, { =
a, 8, which correspond to the volume fractions ®; in our
notation. The lattice cluster theory Helmholtz free energy
F reduces to the pairwise additive form of (5.1) only upon
neglect of the corrections to the mean field FH approx-
imations that are represented by the “entropy” diagrams
e, k, m, and n in Figure 2 and by the energy diagrams b,
¢4, dg, ds, fa~hy, i1, j1, J2 and ay, ag, by—c1, cs5—Cy, C11C13,
dy—dy, dy, d1g, diz—€3, e5 of Figures 3 and 4. (Higher order
LCT corrections yield additional nonadditive terms.) Extra
nonadditivity effects appear in the LCT upon transfor-
mation from F to G. In this process the volume fraction
¢visreplaced by a nonlinear function ¢,(%;) as determined
from the equation of state. Additional violations of the
pairwise additivity for G = F + PV emerge from the factor
of the pressure P, which by the equation of state is a non-
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linear function of ¢,. A comparison ofthe LCT predictions
with RISM integral equation theory computations of Sch-
weizer and Curro?! is provided through the numerical
illustrations in the following paper.

The LCT is amenable to many systematic improvements
by introducing a more adequate description of the entropy
associated with the distribution of free volume, a more
accurate representation of interaction energies, and a
treatment of chain stiffness. First, it is possible to
describe??semiflexible polymer architectures, but this has
only been accomplished so far in the lowest order. Second,
allowing chemically different groups of the same monomer
to interact with different energies would make the model
morerealistic, but the algebraic expressions rapidly become
more lengthy. The FH treatment of the free volume
entropy adversely affects predictions in the high-pressure
range and persists similarly in the LCT. This deficiency
of thelattice model may be rectified by replacing the lattice
free volume entropic contribution NjkgT ¢, In ¢, by forms
developed in the Flory equation of state theory!® and in
generalizations of Flory’s theory that Dickman and Hall2?
and Honnell and Hall?¢ have devised to rectify the classic
FH theory treatment of free volume entropy. Another
possible modification of the lattice model involves the
calculation of the interaction energies from, for example,
Lennard-Jones potentials?® as a function of the lattice
constant a. The free energy F is then minimized with
respect to a.

Our present LCT theory provides a single very conve-
nient analytical formula for the Helmholtz free energy F
which is valid for all compositions &;,i =1, ...,k — 1, mo-
lecular weights, monomer and solvent structures, number
k of components, attractive van der Waals nearest-neighbor
interaction energies €., », A = 1, ..., k, temperatures T,
and pressures P. Examplesillustrating typical predictions
of the LCT are described in the following paper, while a
detailed comparison of the LCT predictions with exper-
imental data for the PS/PVME blends as well as a
discussion of the role of monomer molecular structure and
compressibility on the small-angle neutron scattering and
thermodynamic properties of binary polymer blends will
be presented in paper 3. There are clearly more possible
interesting applications of the LCT than we can possibly
treat in a few papers.

Acknowledgment. Thisresearchissupported,inpart,
by NSF Grant DMR 89-19941. We are grateful to Shawn
Huston and Adolfo Nemirovsky for comments on the
manuscript.

Appendix A: Proof of Theorem Concerning q = 0
Energetic Contributions

In the diagrammatic representation 3.9 of the Helm-
holtz free energy, the entropy and energy diagrams arise
due to the correlations between monomer positions that
are produced by the excluded volume constraints and
nearest-neighbor van der Waals interactions, respectively.
Thus, the entropy dlagrams delineate various combinations
of correlatmg bonds in the system, while the energy
diagrams may have correlating bonds in addition to
interaction lines. According tothe counting rulesdescribed
insections Il and III, the evaluation of entropy and energy
diagrams is carried out in discrete Fourier space. Con-
sequently, the procedure involves the summation over all
{q} in the first Brillouin zone. The {q = 0] portion from
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all bonds produces the FH mean field combinatorial
entropy (see eqs 2.6-2.8), while summation over the
remaining nonzero values {q = 0} yields entropic correc-
tions to FH arising from the spatial correlations between
chain segments. The energetic corrections to FH come
from interactions of the monomer pairs represented in a
diagram byinteraction lines. The main difference between
these interaction lines and correlating bonds lies in the
appearance of the additional q = 0 term for the former.

When these q = 0 contributions are added together for
all energy diagrams, the results cancel exactly apart from
the q = 0 term of the leading diagram a of Figure 3, which
just recovers the FH interaction energy. To prove this
theorem, we begin separating the q = 0 and q = 0
contributions in the Boltzmann factor (3.1) by writing

exp[ZZZ’ il= HHH’[I + Zé(w+ﬁ) fl

u=1 X<ME u=1 ASuic€s,
S" Jes'; (A1)

Replacing each Kronecker 6 in (A.1) by its lattice Fourier
transform (2.3) and using eq 2.3a we obtain

k e k fy
exp[ZZZ/ AR HHHI[ 1 +§qu + sz X
4

=1 =1
Zf(q) explig-(r; - r))] ] (A2)
q=0

Equivalently (A.2) may be rewritten as

a3 T e m-me{[Hf

u=1 ASpiES, u=1l AZu iES

JE.SJ‘ i€ .S";

Zf(q ) expligq-(r; - r)]] (A.3)

[ fax
1+——
(1+f )“""
l

It is convenient to replace the products over pand A < u
in (A.3) by the products over u and over (u and A < u)

OB HICAE

p=1 ASu €S,

2
1 +f““171] X
iESh

u=1 z./GS

Zf(q) expliq:(r; - r)]

[Hmw ]

{Hnn[w -

u=l A<y iES

JES,

Zf(q) expliq:(r;-r )]] (A4)

The factors 1 + f,.2/N;and 1 + f,,2/N, in (A.4) do not
depend on i and j. Consequently, their product over all
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i~J pairs yields

k
exp[D_D_ Y il =

uml ASpiES,

JES)
MM,/ 2! Fou
H[ » ] L+ — X
u=1 N

s, z
M N, 1+f,.u17
!

(@) exp[ig-(r; - 1) -1'*';«_
qu explig:(r r,]] 1111 fo

q¥0

H[l PR
€S 4
JGS}; Nz(l + f“xﬁl)

Z(q) explig-(r; - r))] ] (A.5)

q#0

Equatlon A.5 contains X%  of (2.6b) with the coefficients
quoted in (3.7) as arising from the removal of q = 0 terms.

The q = 0 energy contributions Eq-o to the Helmholtz
free energy F({n,},{N,}) emerge directly from (A.5) by taking
the logarithm of the right-hand side and expanding in a
Taylor series. The X/, ,-independent factors from (A.5)
yield

nM (M,

o, SN e )
kgT 4= N 2\N*
k z 2
> Mt —E(Ef“,\) r.] ao

uml A<y

Retaining in (A.6) only terms proportional to N, since
lower order terms in N; vanish in the thermodynamic limit,
leads to the simpler formula

oo _ -N, §Z¢ %, - N,zZZ¢ Sfr =

kBT uml u=1 A<p

N[ ZZ¢ B (AT)

u=l Am]

Expanding the Mayer f function f, in a power series of
€. in (A7) recovers the FH interaction energy (denoted

as Cy in Table I) along with some EMF uncorrelated
contributions of higher orders.

Appendix B: Athermal Entropy Diagrams for
Multicomponent System

Anentropy diagram depicts a toplogical set of B polymer
bonds chosen from all bonds in the system and belonging
to various polymer species u = 1, 2, ..., k. Thus, specifying
the number of bonds alone does not fully describe the
entropy diagram, except the diagram with B = 1. A
complete specification must include information on
whether the correlating bonds belong to one chain or to
many. For the former case, a designation of the relative
bond positions is also required since sequential and non-
sequential bonds contribute to the correlation terms

XY i X Xt s o of (2.10) in different ways. Bonds
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selected from different chains are represented diagram-
matically by disconnected lines to distinguish them from
sequential bonds of one chain, while nonsequential bonds
of the same chain are connected in a diagram by the wiggly
lines (see diagrams j, I, and n of Figure 2).

The evaluation of the athermal limit entropy diagrams
proceeds along the rules summarized in sections II and
IV, and here we illustrate the counting process with
reference to a particular diagram of order 272, Consider,
for simplicity, a binary blend and evaluate diagram k of
Figure 2 with B = 4 correlating bonds, two of which are
sequentially linked and the other two of which are lying
on two different chains. While the contribution from the
diagram k diverges in the thermodynamic limit (as shown
below), the cumulant diagram £ is an extensive quantity.
The definition of k¢ is provided by the sum of contri-
butions [from the expansion of the logarithm in (2.18) in
a Taylor series], which have the same set of bonds as the
leading diagram &

(e)

o}

| oo

ol || =

| oo

o}

k('-')

o) o) o) o}

| oo |ol[o | oo | [[o]lo

ol -1olfill-(olllLl]+]of!lll

| oo |ollo | [loo | lollo

o) o) o} o}

ky ko k3 ky
(B.1)

Diagram k; is just the diagram & of Figure 2 and diagrams
ko, k3, and k4 are constructed from diagrams a, b, and d
in Figure 2 and the one-bond diagram® (which is of order
N and therefore does not contribute separately to the
packing entropy). Equation B.1 simplifies considerably
by excluding from dg’ *)) [see (2.16)] all contracted diagrams
containing the one- bond contraction Ry (i.e., diagrams
Rys and Ry of ref 8) as these contributions cancel
identically in (B.1). This also means that contributions
from the diagrams k; and k4 vanish in the thermodynamic
limit. Thus, the cumulant diagram k) is reduced to
evaluating only diagrams k; and k&3

o} o o}
| oo | oo | oo
ol =oll-lollIT| ®2
oo | oo | [{oO
o} o o
2© ky ks

The lattice dependent quantities ¥ and d¥ can be
determined by using the Rp. from ref 8. Since the
contracted diagrams R4 and Ry are proportional to Ry,
we discard them and thereby obtain

d$V = 2R, -8R, + 48R, +

-2NJ/2% + 24N /2% + ... (B.3a)

dy? = 2R, +..=-2Nf/2% + .. (B.3b)
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where ... denotes lower order terms in N, as well as terms
of order 29, 21, and z-3, which either cancel in (B.2) (2%,271)
or are neglected (2-8) here.

For a mixture, each disconnected part of a diagram may
belong to any component, producing many diagrams with
the same bond topology but differing only in the labeling
of the polymer species. To generalize diagrams k; and k;
to the multicomponent case, we introduce a sequential
counting index A to label diagrams within a given topo-
logical group. Thus, we have diagrams k; ) and k3. Those
arising for a binary polymer blend are as follows: The
first case has all chains of species 1

2
[ .P] natny = 1Ny - 2)

X
2NN, — 1XN; — 2)(N; — 3N, - 4XN; - 5XN, - 6)

N® ] 22\,2(1)(n13 ~3n,)
[-2N /2% + 24N,%/2%) - X
N1 - 21N, +--)

2
[Nl(l)] N0, - 3My0,®
[-N5/2% + 12N %/2%) ~ x
M?®

[=(1 + 2UN)N? 122 + 12N/2%] -
NLDEN@,DI=N20.%2° - 9N, %/2% + 3N M 0,422 (B.4a)

where the notation N(i,u) = N*'/ M, is employed in (B.4-

B.6). The case where all chains are species 2 follows as

kygie., by, with 1+ 2) — N(1,2)2N(2,2)[-N?6}/2* -
ON,¢3/22 + 3N, M,¢2/2%] (B.4b)

The arrows in (B.4) and (B.5) below indicate that only
terms surviving in the thermodynamic limit are retained.
Mixed-species diagrams are evaluated as

o)
| o o
om @@ —
| o o

kl,a

2
[N1(2)] n2(n2 - 1)N2(1)n1
X
2INAN; ~ 1)XN; - 2)(N; — 3XN; ~ 4XN; - 5)N, - 6)
[-2N %22 + 24N /2% -

N(1,2°N@2,1)[-N20,05%/2* — ON10,16,%/2% + N\Mpd169/2°]
(B.4c)

ky (i, ky g with 1« 2) — N(1,1)2N(2,2)[-N?¢l¢,/2* -
IN ¢1dy/2* + N\M,6,6,/2%] (B.4d)
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o O
Mm@ —
O O

oO—0—O0

kig
Ny Oy PN Py - 1)

X

NI(N, - 1)(N[ - 2)(N1 - 3XN1 - 4)w1 - 5)(N1 - 6)
[—2N,%/2? + 24N 5/2%]) -

N(1L1N(L2IN(2, 1-2N20,205/2% — 18N16,265/2% + 2N M 10165/2)
(B 4e)

kyg(ie., ky s with 1+ 2) — N(1,)N(1,2)N(2,2) X
[-2N%p,¢2/2% - 18N,p, 02/ 22 + 2N M,,¢,/2%] (B.4f)

o)

o O
ow(llw|w|—

| O O
k3,
2
[ Nl(l) ] nl(nl - l)sznl
2N} (N, = 1XN; — 2)N; (N; - 1XN; — 2XN; - 3)
2
[ N© I NoPln,® - ny2)
[-2N%/2% ] - [-2Nf2? ] -

N(1-9/N;+++2)

2
INI(D ] N2V0,% - 0°My)

[(1+ 9/N1)(—N,2/z2)] -
M3
1

N(1,1°N(2,1X-N%6,"/2% - ON#,%2? + NM,6,%2%] (B.5a)

ko (i€, kg, with 1+ 2) — N(1,2)2N(2,2)[-N2}/2* -
9N,¢3/2% + N\M,¢2/2%] (B.5b)

o)
| o)
owmfl|@|@]| —
| o

o)

2
[N 1(2)] ng(ng = DN, ny
2INAN; - 1)(N, - 2)N; (N; - 1)V, - 2XN, - 3)

N2,1)N(1,2)%[~N,201052/2% ~ ON 10102722 + NiM0,00/2%]
(B.5¢)

[-2N 522 ) =

kjy (ie., kg3 with 1 < 2) = N(1,1)2N(2,2)[-Ni¢ie,/2* -
ONple,/2% + NM,¢,6,/2%] (B.5d)
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I(1) | 2)
0o o

oa
I
k3s
N 1(1)n V. 1(2)n2N 2(1)"1
NAN; = 1N, = 20N, (N; - 1)N; - 2XN; - 3)
N(L,DN(1,2IN@2,1)(-2N20,%0,2° ~ 18N 9, %05/2*] (B.5e)

[-2N 522 ) -

ksg(ie, kyg with 1 < 2) — N(L,1)N(1,2)N(2,2) X
[-2N2¢,¢%/2% - 18Np,02/2°] (B.5f)

Although all diagrams in (B.4) and (B.5) contain hy-
perextensive contributions of order N? the cumulant
diagram k© in the thermodynamic limit yields as the
leading term only the extensive contribution, proportional
to N;, of

N,
RO = Z (kyy—ksy) —>2 —[N(l 1)¢; + N(1,2)¢,] X

A=l

(N (1,1)N(2,1)M1¢1 + N(L,2)N(2,2)My$,] (B.6)

However, the result (B.6) diverges in the long-chain limit
(M1, My — »). Contributions from both diagrams k and
[ of Figure 2 must be added together to produce a finite
valuein thislong-chain limit. Diagramsk and ! have rather
similar topologies. The latter contains contributions from
distant bonds on a single chain that must be combined
with similar groups of bonds on different chains to yield
physically meaningful results. The same cancellation of
singularities in the M7, M; — « limit occurs in all diagrams

containing the nonsequential counting indexes W’ and
comes from the physical indistinguishability between
distant units on the same chain and those on different
chains for melts, blends, etc.!

Appendix C: Multicomponent System Energy
Diagrams

Details of the evaluation? of energy diagrams containing
only interaction lines are provided by Appendix A of ref
10. Here we illustrate the counting process for those energy
diagrams that also contain correlating bonds. The com-
putations described below are illustrated for a binary
system and the particular diagram d;, (see Figure 4) with
two correlating bonds lying on different chains and two
interaction lines. Generalization to a multicomponent
system follows directly. In order to avoid confusion
between the symbols dio and dp, the diagram d; is here
designated as t. The expansion of the logarithm of (3.6)
in a Taylor series determines the cumulant diagram ¢() as

j
)

The factors dg for the diagrams ¢, and t; may be obtained
from Table II of ref 8 because an interaction line

Macromolecules, Vol. 24, No. 18, 1991

contributes to dp indentically as a correlating bond

di’ =R, + 2R,,- 13R,5 + ... = [N}/2* = TN} /2") + ...

(C.2)

d¥ =R, + ... = [N}/2] + .. (C.3)

where ... denotes lower order terms in N; and terms of
order 29, 271, and 273, which either cancel in (C.1) or are
neglected (27%). Bonds and uncorrelated monomers of
diagrams t; and t; may correspond to either polymer
speciesinthe system. A binary blend produces 10 different
diagrams ¢, j, to; (and t(")), which are labeled here by a
sequential counting mdex J. Their contributions are
evaluated as

9 = 1)\ T(\ - —;

X
!
O( x(1) O x(1)

D) J

0><(1

m]2
[ M P] iy — 1XMy, - 4XM 0y - 5)

X

22INAN, — 1XN; - 2XN, — 3)(N; - 4XN, - 5)

€11

[ ][8][N,°/z2 TINS22) -

N,

(1) 2
1| NimMin, -2) ez Qi —
2} N(N,-1XN,-2) N, !

N(L1N edl 46,* - 100,% - 2M10,%] (C.4a)

(c) _ | 1 ~
& \ 1)0( Ve [ (1)“ \(2)]

[Nl(l) ] nl(nl - 1)(M1n1 - 4)M2n2
SINAN, - 1XN, - 2XN, — 3XN, - 4XN, - 5)

2’ N,Pn (Myn, -2
£11€; 82N - 1 nmMn,-2)
N2 NN, - 1XN, - 2)
€112 Nl(l)nlMgnz €192
——{2}[N /2] 2AINS2] —
N O NN DN -2, D]

N(1,1°Ne15810 80,°02 — 86,205 — 4M16,%0,] (C.4b)

PP [Pl

x(1)
NV, N,® )ng(Mlnl - 2)XMyn, - 3)
X
2IN(N; — 1XN; - 2XN; - XN, - 4XN, - 5)

(1)

E11€192° Nn (Myn, -2)
(B)NS/? - TN -
N? NN, - 1XN,-2)
€12 N%n.M\n €192
e {2}[N13/z] 1 2M1 1 1
N, NN,-1XN,-2) N,

N(l,l)N(l,Z)Nl 811812 [8¢13¢2— 12¢12¢2] (C.4C)

2N z) —
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X
£ = (-\ @) | —
‘ cox(l) oﬁx(z) "D || 02%e)
Ny Pny N\ PnygMn, - 2)XMang - 2) €118292

X

NAN, - 1XN, - 2XN, - 3)N, - XN, -5) N}
Nl(l)nl(Mlnl - 2) €112

{INS12 - INFY - x
NN -1XN;-2) N,

N\Pny(Myng -2) 202

2N 2] —

{2}[N,%z]
N, (N;-1XN,-2) N,

8N(1,1)N(1,2)N, £11E000,%05% (C.4d)

2
£ < ’,‘@ |(W 2[ ('\(2)] —

O %2 x(2)
2
[Nl(l)] nl(nl - l)Mznz(Mgn 2 1)
X

212INAN; - 1N, — 2)(N; — 3XN,; - 4XN, - 5)

2
€122
— | ®HNS?

N,

- INPRE -

1 N 1(1)n1M2n2 €122 3
- {2)[N)°/z]] —=
2 | N(N,-1XN,-2) N

N(1L,1)%N, €2, [40,%05% - 20,202 — 2M10,0,°] (C.4e)
X
9 = | l¢1
6 (\ @) - O(sz) ('\ Vo

x(2) O x(1)
Nl(l)nl Nl(z)nz(Mznz - 2)(M1n1 -2) €192 2
N{N; - 1XN; - 2XN; - 3XN; - 4)(N,; - 5) N,

N (l)ngM n €192
WINYE-INS?) - — X
NN, —1XN,-2) N,
N 1(2)712M 1n1 €192
NN DN, -2 N,

N(1,1)N(1,2)N, 2,1 86,2027 - 80105% ~ 80,%05) (C.4D

{2)[N,%z] (2NYz) —

£ (ie., t with 1 <> 2) = N(1,1)N(1,2) N €560, 86,65 ~
12¢,¢2] (C.4g)
t¥ (ie., t¥ with 1« 2) = N(1,2)°N,é, (40202 - 20,05 -
2M,$2¢,] (C.4h)
t¥ (ie., t with 1 «» 2) = N(1,2)2N ¢ 565,[86,65 ~
8¢,05 - 4M,0,03] (C.4i)
£ (i.e., £ with 1 «» 2) — N(1,2)2Ne%, (46t — 1045 -
2M,3] (C.4j)

where N(i,u) = Nf“) /M,. The symmetry numbers sp for
the diagrams t;; and ¢ty are introduced in egs C.4a-C.4j
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in braces to help an interested reader follow this aspect
of the calculations. The value of the cumulant diagram
t© ig the sum of contributions C.4a-C.4j

10
£ = Zt)('C) (C.5)

j=1
The long-chain limit, M;, Mz — =, of diagrams ¢, t{?,
t(c’ t“) t“’ and t(c) produces unbounded result, but the

offendmg dwergences are removed when their contribu-
tions are added to those of diagrams e; of Figure 4.
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